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Fluid Flow Equations

Navier–Stokes, continuity, and equation of state
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Estimate the Reynolds number using characteristic scales: L, U, fluid quantities: ρ, μ
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Reynolds Number Examples
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Determining the Flow Regime, Re

At low  1 : creeping (Stokes) flow

Viscous forces tend to damp out all flow disturbances

Reversible smooth flow pattern 

At intermediate  ~1 2000 : laminar flow

Inertial forces become increasingly important

Viscous forces are confined to boundary layers, shear layers, and wakes

Regular, smooth flow pattern

At high  4000 : turbulent flow

Flow disturbances grow by nonlinear interactions producing a cascade of eddies (vortices) 

Viscous damping is active everywhere but only has a significant effect on the 
smallest eddies

Disordered (chaotic) flow pattern
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Determining the Flow Regime, Ma

The Mach number is defined as:  

= u =    ,  =
For = 0: formally incompressible flow

Speed of sound is infinite (hypothetical case), instantaneous spread of pressure disturbances

For 0 0.3: weakly compressible flow

Density changes due to pressure by max. 5%

Density changes can also occur due to the dependency on temperature

For 0.3: compressible flow

Thermodynamic effects not negligible

Transonic, supersonic flow with shock waves

5%

Choosing the Right Interface

~1 2000> 40001< .

> .< 2000> 4000

> 2000
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Agenda
Overview of the CFD capabilities 
in COMSOL

Single-phase flow

Thin-film* and porous media 
flow

Multiphase flow

Nonisothermal flow and 
conjugate heat transfer

High Mach number flow

Reacting Flow

Which turbulence model is right 
for your application

* Laminar flow only Spinning soccer ball

COMSOL CFD

Creeping flow also called Stokes flow

Laminar flow

Newtonian and non-Newtonian flow

Turbulent flow

2 algebraic models

7 transport-equation models 

Large eddy simulation (LES)

3 variational multi-scale models

Rotating machinery

Laminar and turbulent flow

Viscoelastic flow

Single-Phase Flow

The Single-Phase Flow user interfaces as displayed 
in the Physics list in the CFD Module.
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General functionality for laminar and turbulent (RANS) flow

Swirl flow

Includes the out-of-plane velocity component for axisymmetric flows

Enable porous media domains*

Model porous media flow or coupled free and porous media flow

Include gravity on flow domains and the option to use the reduced pressure

Also applies to LES

Specific boundary conditions 

Fully developed inflow and outflow conditions

Assembly boundaries for geometries consisting of several parts

Wall conditions on internal shells for simulating thin immersed structures

Screen condition for simulating thin perforated plates and wire gauzes

* Laminar Flow and Algebraic yPlus or LVEL turbulence models

Streamlines in an HVAC duct

(RANS) 

-

-

-

-
yPlus LVEL

Laminar Flow (spf)
Solves Navier–Stokes and 
continuity equations

Stationary or time dependent

Incompressible, weakly
compressible, or compressible 
flow ( < 0.3)

Neglect inertial term for Re <<1

Enable porous media domains

Include gravity

Define reference pressure level 
and reference temperature 
(default:  1[atm], 293.15[K]) Laminar Flow node and Settings window

-

( <0.3)
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About Fluid Pressure
Fluid velocity is driven by pressure 
gradients (“differences”)

Absolute pressure needed for material 
property evaluation; e.g., ,
Generally two ways to calculate the 
pressure:

Case 1:  ~ set = 0 and solve for 
the absolute pressure directly  =
Case 2:   set close to typical 
system pressure level and solve for the (small) 
gauge pressure only  = +

Why is it important? solver stability & 
convergence
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Gravity Property
Includes a volume force on all 
domains, =
Option to use reduced pressure for 
incompressible flow  

Boussinesq approximation 
available for nonisothermal flow

Lock-release gravity current



Fluid Properties

Newtonian and non-Newtonian 
constitutive relations

Density

From material

User defined

Constitutive relation

Newtonian

• Dynamic viscosity

Inelastic non-Newtonian

• Inelastic model

   = =

Initial Values
Stationary

Initial values = numerical 
initial guess 

No physical meaning but 
numerical (starting point 
for iterations)

Boundary conditions do not 
have to be consistent with 
initial values

Initial Values node and Settings window
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Initial Values
Time dependent

Initial values = physical initial 
condition

Physical solution (velocity & 
pressure field) of a time-
dependent problem at initial 
time t0

All boundary conditions must 
be consistent with initial 
condition (at t0)
• Use a converged stationary 

solution as initial condition for 
the time-dependent study 

• Alternatively, use the trivial 
initial condition (zero velocity & 
pressure) and ramp up the 
(Dirichlet) boundary conditions

Initial Values node and Settings windowt0
( )

t0
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Wall
Wall conditions:

No slip

Slip

Electroosmotic velocity (M. F.)

Slip velocity (M. F.)

Leaking wall 

Navier slip

Wall movement can be picked up 
automatically when a moving frame 
is defined in the model or set 
manually

Wall node and Settings window



Physics Features for Laminar Flow

Domain conditions Boundary conditions

Edge conditions

Point conditions
( )
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Combinations of
Inlet/Outlet BCs

Well posed

Velocity in – pressure out

Pressure in – velocity out

Slightly “harder” for the 
solver

Pressure in – pressure out

Ill posed

Velocity in – velocity out 
(+ pressure level)

2D channel flow with prescribed uniform 
and parabolic inlet profiles
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Location of Outlet 
Boundary

Selecting appropriate outlet 
conditions is not a trivial task

If there is something 
”interesting” happening near an 
outflow boundary (e.g., wakes, 
recirculations), extend the 
computational domain to 
include this phenomenon

Flow in a semicircular pipe 
with a 90-degree bend

Fully Developed Flow
Available option for the Inlet
and Outlet BCs

Equations for fully developed 
flow in a pipe with the same 
cross section as the inlet/outlet 
are coupled to the degrees of 
freedom (DOFs) at the 
boundary and solved together 
with the domain DOFs

= 0.05

Flow in a semicircular pipe with and without the 
Fully Developed Flow option

/
DOF

DOF



Interior Wall
Avoid meshing of thin 
structures by using interior 
boundaries

Slip, no slip, moving wall

Allows discontinuities 
(velocity, pressure) across 
the boundary

Modeled as surfaces in 3D and edges in 2D

Screen
“Screen” refers to a barrier with 
distributed perforations such as a 
wire gauze, grille, or perforated 
plate

Assumed to have a width, which is 
small compared to the resolved 
length scales of the flow field and 
can thus be modeled as an interior 
edge (2D) or interior surface (3D) –
economic implementation without 
resolving details

Common correlations for resistance 
and refraction coefficients are 
included 

Pressure (color table) and streamlines for pipe flow 
obstructed by a screen inclined at 45 degrees

2D
3D



Fan, Interior Fan, 
Grille, Vacuum Pump

Fans, vacuum pumps, or grilles 
(devices) can be represented using 
lumped curves implemented as 
boundary conditions.

These simplifications also imply 
some assumptions. In particular, it is 
assumed that a given boundary can 
only be either an inlet or an outlet. 
Such a boundary should not be a mix 
of inlets/outlets, nor switch 
between them during a simulation.

Manufacturers usually provide 
curves that describe the static 
pressure as a function of flow rate 
for a fan. Define the flow direction on exterior and interior 

boundaries, and fan curve (or similar)  

/

Symmetry, 
Axisymmetry, and 
Periodicity

Great potential to reduce 
memory requirement & 
computational time 
efficiency!

Physics, materials, and 
geometry must obey symmetry, 
axisymmetry, and periodicity

Geometry and boundary conditions are symmetric with 
respect to midplane but instabilities may occur  

/ /



Pressure Point 
Constraint

If system pressure level is not 
uniquely determined by a 
boundary condition (e.g., cavity 
surrounded by walls), it must be 
set in some other using a 
pressure point constraint.

When gravity is included in the 
model, the outlet often cannot 
be described by a uniform 
pressure. In such cases, use the 
Compensate for hydrostatic 
pressure option. 

ColdH
ot

Set p at this point

Rotating Machinery
Laminar and turbulent

Sliding mesh
Accurate time-dependent 
simulations

Frozen rotor
Fast, stationary approximations
Can provide starting conditions for 
a sliding mesh simulation
Stationary free surface 
postprocessing feature

Interior wall conditions
Simulate infinitely thin blades and 
baffles

Continuous-stirred tank reactor



Rotating Machinery: ALE

Sliding mesh: + · = ·
= + ×,      = + × , = ×

+ × + × + + × × · + × = ·
+ · + 2 × + × × + × = ·

(ALE )

Rotating Machinery: ALE

Frozen rotor: + · = ·
× ,      = + × , = ×

× + × + + × × · + × = ·
· + 2 × + × × = ·

Set:  0

(ALE )



Viscoelastic Flow
Adds additional elastic stress to 
momentum equation 

Predefined material models

Oldroyd-B

Giesekus

FENE-P

Viscoeleastic flow: Blood flow in an abdominal aeortic aneurysm. The colormap 
displays the total wall stress. A brighter red color indicates a larger stress.

+ · = + · + + +
B

Thin-Film and 
Porous Media Flow

Thin-film flow
For lubrication and flow in narrow 
structures, which are modeled as 3D 
shells

Supports gaseous cavitation

Porous media flow
Laminar or turbulent free-flow 
coupled to porous media flow 
including Forchheimer drag (high 
interstitial velocities)

Darcy’s law and Brinkman equations 
with isotropic/anisotropic 
permeability tensor

Multiphase flow in porous with 
capillary pressure and relative 
permeability (predefined models for 2 
phases)

Mass fraction for cavitating flow in a journal 
bearing modeled using the Thin-Film Flow, 
Shell interface

A porous filter supported by a perforated plate and immersed in turbulent 
pipe flow is modeled using the Free and Porous Media Flow interface

3D

- - / -
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Multiphase Flow
Disperse flows

Bubbly Flow
Mixture Model
Euler-Euler Model
Phase Transport, Mixture 
Model

Separated flows
Two-Phase Flow, Level Set
Two-Phase Flow, Phase Field
Two-Phase Flow, Moving 
Mesh
Three-Phase Flow, Phase 
Field

Start-up of a fluidized bed 
modeled using the Euler-Euler 
Model interface

-

- 2 ( )

- 2 ( )

- 2 ( )

- 3 ( )

Bubbly Flow & Mixture Model 
Relative motion (slip) assumes that the 
particle relaxation time is small compared 
to the time scale of the mean flow
Bubble-induced turbulence
Mass transfer between phases
Spherical and non-spherical particles
Compatible with all RANS turbulence 
models
Phase transport mixture model for 
arbitrary number of phases

Euler-Euler Flow
General two-phase flow
No restriction on particle relaxation time
Spherical and non-spherical particles
Mixture or phase-specific k-ε turbulence 
model

Multiphase Flow – Disperse Flows

Enhanced sedimentation of dispersed particles below a curved boundary. 
Simulated with the Mixture Model, k-εε interface.  

( )
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RANS
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Multiphysics coupling between Single-
Phase Flow and Phase Transport

Able to model multiple dispersed 
phases

Simplified mixture model - neglects 
additional stresses due to relative 
motion between phases.

Multiphase Flow – Phase Transport, Mixture Model
( )

–

Multiphase Flow – Separated Flows

Tracks the exact surface location using the level
set or phase field models, or by using a moving
mesh interface

Accurate modeling of surface-tension effects. 
Includes a surface-tension coefficient library

Can be combined with any turbulence model*

Three-phase flow can be simulated using a 
ternary phase-field formulation

*Two-phase flow only

Sloshing in a fuel tank

Gas bubble rising from a dense liquid up 
into a light liquid in a three-phase flow, 
phase-field simulation

( )
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Nonisothermal Flow
and Conjugate Heat 
Transfer 

Heat transfer in fluids and solids

Laminar and turbulent flow

Incompressible – Boussinesq 
approximation, weakly compressible 
or compressible

Engineering correlations for 
convective heat transfer

Porous media domains 

Thermal wall functions when using 
the k-epsilon, Realizable k-epsilon or 
k-omega turbulence models

Turbulent Prandtl number models
Conjugate heat transfer in the cooling of an engine block

/

/

( )
/ /

k- /Realizable k- /k-

Conjugate Heat 
Transfer Example

The model examines the air 
cooling of a power supply unit 
(PSU) with multiple electronics 
components acting as heat 
sources

Avoid damaging components by 
excessively high temperatures

Extracting fan and a perforated 
grille cause an airflow in the 
enclosure

Fins are used to improve cooling 
efficiency

Cooling of a power supply unit

(PSU) 



Conjugate Heat Transfer Example

Fluid flow described by Navier–Stokes
in air in the compartment

Heat transfer by conduction
in the solid parts

Heat transfer by conduction and 
advection in air

Continuity in heat flux
and temperature at
solid-air interfaces

–

-

Laminar and turbulent viscous flow

k-ε and Spalart–Allmaras turbulence 
model

Fully compressible flow for all Mach 
numbers

Viscosity and conductivity can be 
determined from Sutherland’s law

Compressible Euler Equations interface

Based on the discontinuous Galerkin
method

WENO with positivity preserving 
limiter available

High Mach Number Flow

Shock-diamond pattern for turbulent flow in a supersonic ejector Density variations around a rocket at supersonic speed

/

k- Spalart–Allmaras

WENO



High Mach Number vs. 
Nonisothermal Flow
Both interfaces solve the same 
equations for ideal gases, but:

High Mach Number Flow
Has characteristics based 
boundary conditions for inflow 
and outflow boundaries

Has consistent stabilization 
methods specifically suited for 
transonic and supersonic flow

Nonisothermal Flow
Has more turbulence models

Can handle general material 
models 

/

/

Multicomponent transport and flow in 
diluted and concentrated solutions

Fickian and mixture-averaged diffusion

Migration of charged species in 
electric fields

Mass transport in free and 
porous media flow

Turbulent mixing and reactions

Stefan velocities on boundaries 
with reactions

Concentration-dependent density and 
viscosity in flow description

Reacting Flow

Reacting flow in a tubular reactor

/

/



Fluid Structure Interactions
(with MEMS or Structural Mechanics Modules)

Based on the ALE moving mesh technology 
in COMSOL

Fully bidirectional coupling between fluid 
and structure

Viscous, pressure, and inertial fluid forces 
on the structure

Momentum transfer back to fluid

Small and large deformations

Highly accurate fluid load computation 
(weak constraints)

Predefined physics interface makes it easy 
to build models rapidly – no manual 
interfacing between different solvers

Benchmark model for fluid-structure interaction

MEMS / - (FSI)

COMSOL ALE

/

-

Robustness, performance, and accuracy

Solvers
Automatic solver suggestions

Algebraic and geometric multigrid 

Pseudo time stepping

Cluster computing

State of the art FEM for CFD
Stabilization techniques

Discontinuous Galerkin for sliding meshes

Meshing
Physics-controlled mesh

Boundary layer mesh 

Mesh control entities for advanced 
meshing

General Capabilities in the CFD Module

Automatic boundary layer meshing

CFD

/

CFD FEM



Which turbulence model is 
right for your application?

Laminar, Transitional, and Turbulent Flow

Transition TurbulentLaminar

Log layer

Viscous sublayer

Buffer layer
u(y)

u(y)

u

/ /



Laminar Flow: Resolution

Low-Re channel flow One single 2nd-order element
1 2

Turbulent Flow (LES): Resolution  

High-Re channel flow 32x32x32 2nd-order elements

(LES) 

32x32x32 2



Large Eddy 
Simulation

The larger three-dimensional, 
unsteady eddies are resolved, 
whereas the effect of the smaller 
eddies is modeled

Simulations must be three-
dimensional and time dependent

Accurate but expensive 
(computationally)

The three current interfaces are 
based on variational multiscale 
methods

LES interfaces

Turbulent channel flow at a turbulent 
Reynolds number of 395

3D

3D

3

LES Modeling

Decompose velocity and pressure fields into resolved and unresolved scales,= + ´, = + ´
and use inner-product space , to filter out unresolved scales,

, · , + :  + + · , , =  · , ´ + , ´ + , + ´ + ´ + ´ ´
Residual-based variational multiscale (RBVM), ´ =  , ´ =  

RBVM with viscosity (RBVMWV), add :  ´ +
Smagorinsky, replace , ´ ´ by : 2

(LES) 

, 

RBVM

RBVM :  ´ +
, ´ ´   : 2



Use LES to resolve the large scales of a complex 
turbulent flow field in a simple geometry

Domain

Bounded by walls at = 1
Periodic in 0, 2 ,  z 0, 2 /3

Scale NS-eqn with = / , and = 1
+ · = + · 1 + +· = 0

In COMSOL= 1 / , = 1 · , = /

Live Demo – LES of Channel Flow at 
( 395 LES)

LES

-

COMSOL Multiphysics 

Spatial resolution – viscous wall units

Actual (Recomended)= 39 30 , = 1 1 , = 13 10
Temporal resolution – CFL condition| · | < 1

Actual (CFL)= 2.5 · 10  5 · 10

Live Demo – LES of Channel Flow at 
( 395 LES)

( )

CFL

(CFL)



Nonisothermal flow, 
LES interface

Introduces buoyancy effects in 
incompressible flow using the 
Boussinesq approximation

Unresolved small-scale 
turbulent heat flux modeled 
using the variational multiscale 
method

RBVM

RBVMWV

Smagorinsky

Passive-particle tracing in 
nonisothermal LES

(LES )

RANS Turbulence Modeling

Reynolds-averaged Navier–Stokes (RANS) models predict the time-averaged or 
ensamble-averaged solution of flow that is fully in the turbulent regime

RANS gives approximate solutions on desk-top workstation class computers

= +
RANS

RANS
/

RANS



Turbulent Viscosity

RANS turbulence models are derived using Favre averaging,

+ · = + · + 23 · +  

with a Boussinesq hypothesis for the turbulent viscosity

= + 23 · 23  

when applicable

Favre

Heat Transfer in Turbulent Flow

Standard conduction-convection

But, 

Additional mixing due to turbulent eddies:

Watch out for symbols: is molecular, is turbulent

( ) QTCTk
t
TC pp =∇⋅+∇−⋅∇+

∂
∂ uρρ

( )
T

Tp
TTeffective

C
kkkk

Pr
μ

=+=

-



Mass Diffusion in Turbulent Flow

Standard convection-convection

But,

Additional mixing due to turbulent eddies:

Watch out for symbols: is molecular, is turbulent

( )
T

T
TTeffective DDDD

Scρ
μ=+=

( ) RccD
t
c =∇⋅+∇−⋅∇+

∂
∂ u

-

Turbulent flow

Algebraic yPlus model

L-VEL model

k-ε model

Realizable k-ε model

k-ω model

SST model

Low Re k-ε model

Spalart–Allmaras model

v2-f model

RANS models
RANS

yPlus

k-



Computational Cost 
for Turbulence Models

Algebraic yPlus and L-VEL

Spalart–Allmaras

k-epsilon

k-omega, SST and 

low Re k-epsilon

Realizable k-epsilon

v2-f Increasing cost

yPlus/L-VEL

k-

Algebraic Turbulence Models

Algebraic turbulence models are faster and more robust but, generally less accurate 
than transport-equation turbulence models

Reynolds number based on local velocity magnitude and wall distance

= = = ,     + =
Algebraic yPlus model prescribes from an extension of the logarithmic wall law 
and solves for 

L-VEL model prescribes from a different extension of the logarithmic wall law 
and solves for 

NOTE: No turbulent transport              no wake interference and no in/outflow of turbulence

yPlus

L-VEL

/



Transport-Equation Turbulence Models (2-Eqn.)

Transport-equation turbulence models solve for the transport of turbulence quantities. 

k-epsilon: Transport equations for  and . General purpose model with wall functions 
for smooth and rough walls. 

Realizable k-epsilon: Realizability constraints are built into the model parameters. 

k-omega: Transport equations for  and . More accurate than the k-epsilon model 
close to walls and in recirculation regions. Wall functions for smooth and rough walls 
but can also resolve the flow close to walls.

SST: Combines the k-omega model close to walls with the k-epsilon model in the outer 
flow region. Can resolve the wall layer.

Low Re k-epsilon: Wall resolved k-epsilon model.

(2 )

k-

Realizable k- Realizability

k-

 
k- k-

Transport-Equation Turbulence Models (1 and 3 Eqn.)

Spalart–Allmaras: Transport equation for . Wall resolved turbulence model 
developed for aerodynamic applications.

v2-f: An extended low-Re k- model. In addition to  and , it also solves for the wall 
normal fluctuations (v2) and an elliptic relaxation function (f). Good predictive 
capabilities for flow over curved surfaces. Can resolve the wall layer.

(1 /3 )

Spalart–Allmaras

v2-f k- v2 f



Wall Treatment

Wall functions: A wall offset is applied. The computational domain always start in the 
log-layer.

Low-Reynolds-number treatment: The viscous sublayer must be resolved.

Automatic wall treatment: A wall offset is applied. The computational domain can start 
anywhere in the boundary layer.

= 1 log + B=
Wall offset

Resolution for Low-Re Wall Treatment

k-omega
Low-Re k-epsilon

SST

Algebraic yPlus
L-VEL

Accurate wall stress May still converge



Automatic Wall 
Treatment for 
Turbulence Models

Switches between a low Re 
and wall functions

Provides the accuracy allowed 
by your mesh resolution 

Inherits the robustness that is 
provided by wall functions Low Re           Wall functions

Flow in a pipe elbow simulated with the k- model

Algebraic 
Turbulence Models

Algebraic yPlus model prescribes 

L-VEL model prescribes 

Advantages:

Robust and computationally cheap

Resolve wall layer

No boundary conditions are needed 
– easily coupled to porous domains

Disadvantages: 

Less accurate

No turbulent transport, hence no 
wake interference, no inflow and 
outflow of turbulence

Flow around a torpedo simulated with the Algebraic yPlus model

Flow around a spinning soccer ball simulated 
with the Algebraic yPlus model

yPlus

L-VEL

/



Spalart–Allmaras
Turbulence Model

The Spalart–Allmaras model was 
developed for aerodynamic 
applications

Advantages:

Stable, easy to get the model to solve

Uses less memory than Low Re k-
and SST

Automatic wall treatment, possible 
to accurately compute: lift, drag, 
heat and mass transfer

Disadvantages:

Does not accurately compute flow 
fields which exhibit: separated flow 
or decaying turbulence

Flow around a NACA airfoil simulated with the Spalart–Allmaras model

Spalart–Allmaras

Spalart–Allmaras

k- /SST RAM

( / / / )

/

εε-Based Turbulence 
Models

k-epsilon: popular in industrial applications

Realizable k-epsilon

Low-Re – has automatic wall treatment

Advantages:

Stable, easy to get the model to solve

Can use a coarser mesh near the wall 

Performs well for external flow problems, 
complex geometries

Disadvantages:

k-ε and Realizable k-ε use wall function 
approximation: solution at wall is less 
accurate: lift, drag, heat & mass transfer

Does not accurately compute flow fields 
which exhibit: adverse pressure gradients, 
strong curvature of the flow, jets (standard k-
epsilon)

Flow around an airplane simulated 
with the k-ε model

Flow around a cube simulated 
with the Low Re k-ε model

k-

k-e Realizable k-e
( / / / )

/ / ( k- ) 



Adverse Pressure Gradient

ωω-Based Turbulence 
Models

k-omega model

SST model: combines k-ω near walls with 
k-ε in bulk

Advantages:
Performs well for internal flow problems

Can more accurately compute flow fields 
which exhibit: curvature, separated flow, 
adverse pressure gradients, jets

Low-Re, automatic (and wall functions for 
k-ω) wall treatment

Disadvantages:
Sensitive to free stream values of for 
external flows

Difficult to get convergence: more 
nonlinear than standard k-ε Flow in a centrifugal pump simulated with the k- model

SST k- k-

/ /
/

k-

k-



v2-f Turbulence 
Model

Extension of the k-e model, 
which, in addition, solves for the 
wall-normal turbulence velocity 
fluctuations

Advantages 
Captures turbulence 
anisotropy 

Applies elliptic relaxation to 
account for differences in 
near-wall and bulk flows

Disadvantage
Increased computational cost 
due to additional equations

Flow in a hydrocyclone simulated with the v2-f model

v2-f

k-

Automatic 
Translation Between 
Turbulence Models

Successful strategy:

Start with a simple and 
robust model

Migrate to a  more 
accurate and maybe more 
sensitive and expensive 
model

Current solution used 
automatically as initial 
guess 


